Abstract. We give a short proof of a theorem of Guth relating volume of balls and Uryson width. The same approach applies to Hausdorff content implying a recent result of Liokumovich-LishakNabutovsky-Rotman.
Introduction
The Uryson width is a notion of topological dimension theory that was brought to the realm of Riemannian Geometry by Gromov [6] , [7] , [8] . It appears quite naturally in the context of thick-thin decompositions of Riemannian manifolds [9] . Intuitively the Uryson width tells us whether an n-dimensional space 'collapses' to a lower dimensional space. Precisely if X is a metric space we say that X has q-Uryson width ≤ W if there exists a q-dimensional simplicial complex Y and a continuous map π : X → Y such that every fiber π −1 (y) has diameter ≤ W . We write then that UW q (X) ≤ W .
Guth ([3] , [4] ) proved the following theorem answering a conjecture of Gromov: Theorem 1.1. There exists ǫ n > 0 so that the following holds. If (M n , g) is a closed Riemannian manifold and there exists a radius R such that every ball of radius R in (M n , g) has volume at most ǫ n R n then UW n−1 (M n , g) ≤ R.
Guth conjectured something stronger that applies to general metric spaces and uses Hausdorff content instead of volume. This was shown recently by Liokumovich-Lishak-Nabutovsky-Rotman [13] .
The proofs of all these results are somewhat technical as they associate to the space some nice coverings and then approximate the space by the rectangular nerve of these coverings (a method introduced by Gromov in [10] and applied in [6] , p.130 to the case of manifolds with a lower Ricci curvature bound). They also use various generalizations of the isoperimetric inequality.
Our aim in this paper is to give a direct proof relying only on the co-area inequality. We give the idea of the proof now: Let's say that we have a thickened plane P so locally the volume growth is much smaller than r 3 . Then we cut P in pieces of small diameter < D by a 'thickened grid' G (we call this a D-separating subset in sec. 2). Using the coarea inequality (see lemma 2.5) we show that there is a thickened grid that has locally volume growth much smaller than r 2 so by induction it admits a map f to a 1-dimensional complex Σ with small fibers. By adding finite cones to Σ we may extend f to the pieces of P \ G, so to the whole of P . It is easy to see that the fibers of this map have small diameter. We note that our approach is reminiscent of the minimal hypersurface method of Scoen-Yau [14] , [15] which was used also by Guth [5] in a context similar to ours. Indeed our 'thickened' grid has a rough 'minimal area' property and in some cases can indeed be replaced by a smooth hypersurface.
I am grateful to Stephane Sabourau for pointing out mistakes in an earlier version of this paper and making suggestions that improved the exposition and to Larry Guth for bringing to my attention the relationship of this approach to minimal surfaces.
Uryson width of compact metric spaces
We prove in this section the generalization of theorem 1.1 for metric spaces conjectured by Guth. There are some technicalities in the proof as we work with Hausdorff content which is not a measure-in particular it is not additive. We explain in the end how can one give a simpler proof in the manifold case using Hausdorff measure (see remark 1).
Definition . The n-dimensional Hausdorff content HC n (U) of a subset of a metric space X is the infimum of ∞ i=1 r n i over all coverings of U by countably many balls B(x i , r i ).
We will need a slight variation of Hausdorff content-this will allow us to sidestep the problem that Hausdorff content is not a measure so it is not additive:
Definition . The ζ-restricted n-dimensional Hausdorff content HC ζ n (U) of a subset of a metric space X is the infimum of Clearly we have HC ζ n (U) ≥ HC n (U). We remark that if U is contained in a ball of radius ζ then HC ζ n (U) = HC n (U). Notation. We denote by B(x, r) the open metric ball of radius r and center x and byB(x, r) the closed ball. When we don't care about the center we denote it by B(r) (B(r) respectively). We denote by S(x, r) the sphere of radius r and center x, and we denote this by S r when the center is obvious. Finally we denote by B(r 2 ) \ B(r 1 ) the annulus between two concentric metric balls.
The co-area formula [1, Theorem 13.4.2] will be our main tool. As we will work in the context of metric spaces it will be crucial below that there is a co-area inequality that applies to Hausdorff content as was shown recently in [13] .
where the integral is the Upper Lebesgue integral. The same inequality applies to the ζ-restricted Hausdorff content.
Proof. We outline the proof of this from [13] for the reader's convenience. If B(R) is a ball and S r is a sphere then S r ∩ B(R) is contained in a ball of radius ≤ R for any r, so HC n−1 (S r ∩ B(R)) ≤ R n−1 for any r. So if B(R) is a ball contained in an annulus B(r 2 ) \ B(r 1 ) we have
Note now that if U is any closed set for any ǫ > 0 there is a covering of U by finitely many balls B i (r i ), i = 1, ..., k so that k i=1 r n i − HC n (U) < ǫ so the result follows by ( * ). Clearly this proof applies to HC ζ n (U) as well.
Guth conjectured in [4] that if a compact (or even proper) metric space has locally small n-Hausdorff content then it has small Uryson width. We treat now the easier case n = 1. Lemma 2.2. Let X be a proper metric space and let R > 0. If for any x ∈ X the 1-dimensional Hausdorff content of the ball B(x, R) is bounded by 1 100
Proof. We set δ = 1 100 R. We fix x 0 ∈ X and we consider the closed
Each A k is compact so it has a finite covering by balls B j (r j ) such that r j ≤ 2δ for all j. Let a k be the infimum of r j over all such coverings for A k . We pick for each A k a covering by open balls B j (r j ) such that
By doing this for all k we obtain a covering U of X by open balls.
Suppose that we have a finite sequence of balls B 1 (r 1 ), ..., B n (r n ) such that B i (r i ) intersects B i+1 (r i+1 ) for all i. We claim that if this happens then
We may assume by taking a smaller n if necessary and arguing by contradiction that
So all these balls are contained in a ball B(x, R) which is contained either in a single annulus A k or in a union of two annuli A k ∪ A k+1 . However by our hypothesis the content of B(x, R) is bounded by δ, so we may replace these balls by finitely many balls B s (r s ), s ∈ S such that their union contains B(x, R) and s∈S r s < 2δ.
It follows that the sequence B 1 (r 1 ), ..., B n (r n ) violates ( * ) for at least one of A k , A k+1 .
Let B ∈ U. We note now that if B 1 (r 1 ), ..., B n (r n ) is a finite sequence of balls from U containing B such that B i (r i ) intersects B i+1 (r i+1 ) their union has diameter < R/2.
We replace then each such maximal sequence of balls from U containing B by their union. By doing this for all B ∈ U we obtain a cover of X by sets say D i , i ∈ N such that each D i is open (as a finite union of open balls), and closed (since its complement is open). It follows that the map f : X → N where f (D k ) = k is continuous and
If U is an open subset of a Riemannian manifold then vol n (U) is equal to the n-Hausdorff measure of U which is in turn greater or equal to the n-dimensional Hausdorff content. It follows that Theorem 1.1 is a corollary of the theorem that we state now-which was conjectured by Guth and proven recently by Liokumovich-Lishak-Nabutovsky-Rotman [13] :
There is an ǫ n > 0 such that the following holds. If X is a compact metric space such that for any x ∈ X the n-dimensional Hausdorff content of the ball B(x, R) is bounded by ǫ n R n then UW n−1 (X) ≤ R.
Proof. We will prove by induction on n that there is a continuous map π : X → Σ where Σ is a finite simplicial complex of dimension ≤ n − 1 such that diam π −1 (y) ≤ R for any y ∈ Σ. The theorem holds for n = 1 by lemma 2.2.
where the U i are open disjoint sets of diameter ≤ D and I is finite. We say that the open sets U i are the pieces of the decomposition of X by Z.
We set ζ = R/1000. Let b(D) be the infimum of HC 
In what follows our statements will be true for δ sufficiently small.
The theorem follows from the next lemma:
Lemma 2.4. There is an ǫ n > 0 such that the following holds. If X is a compact metric space such that for any x ∈ X the n-dimensional Hausdorff content of the ball B(x, R) is bounded by ǫ n R n then there is a finite simplicial complex Σ of dimension ≤ n − 1 and a continuous map f : X → Σ such that: diam f −1 (e) ≤ R for any simplex e ∈ Σ.
Proof. We prove this by induction on n. For n = 1 the statement follows by lemma 2.2. We assume now that the lemma holds for n − 1 for some ǫ n−1 < 1.
Lemma 2.5. Let Z be a δ-minimal R/4-separating subset of X. Then for any ball of radius R/1000, B(x, R/1000),
Proof. We argue by contradiction assuming that Z does not satisfy this inequality for some x. We take ǫ n ≤ ǫ n−1 /1000 n+1 . We note that (R/1000) n ≥ ǫ n R n . It follows that HC n (B(x, R)) = HC ζ n (B(x, R)).
By the co-area inequality (lemma 2.1) and our hypothesis that HC ζ n (B(x, R)) ≤ ǫ n R n we have that for some r ∈ [R/100, R/50]
where I is finite and the U i are open disjoint sets of diameter ≤ R/4. Let U = B(x, r). Then
If B i , i ∈ I is a cover of B(x, R) by balls of radius ≤ ζ so that
we get a cover of Z ′ by omitting all balls intersecting B(x, R/1000) and adding appropriately balls that cover S(x, r) and approximate HC ζ n−1 S(x, r) up to δ. We have then
1000 n contradicting the δ-minimality property of Z if we take δ < ǫ n−1 R n−1 1000 n .
We prove now lemma 2.4. Let Z be a δ-minimal R/4-separating subset of X. By lemma 2.5 and our inductive hypothesis there is a continuous map π 1 : Z → Σ 1 where Σ 1 is a finite simplicial complex of dimension ≤ n − 2 such that diam π −1 1 (e) ≤ R/1000 for any simplex e ∈ Σ 1 .
Let U be a piece of the decomposition of X by Z. Clearly ∂U ⊂ Z so π 1 (∂U) is contained in a finite subcomplex of Σ 1 . We denote by Σ U the minimal such subcomplex of Σ 1 .
We define a new simplicial complex Σ as follows: For each closure of a connected component U we consider the cone C U over Σ U (which is a simplicial complex of dimension ≤ n − 1). We glue C U to Σ 1 along their common subcomplex Σ U .
We will need some facts from topology that we recall now (see eg ??). Any finite simplicial complex is an Absolute Neighborhood Retract (ANR). A contractible ANR is an Absolute Retract (AR). In particular the cone of a finite simplicial complex is an AR. A space A is an AR if and only if it is an absolute extensor i.e. if it has the following property: if B is any metric space, K ⊆ B is closed and f : K → A is continuous then f can be extended continuously to the whole of B.
By the above facts it follows that for each U the map π 1 : ∂U → Σ U ⊂ C U can be extended to a continuous map π : U → C U ⊂ Σ. Since X is the union of Z with the pieces of the decomposition of X by Z and since the map π is continuous on the closure of each piece we have that the map π : X → Σ is continuous.
Let e be a simplex of Σ. Then e is either a simplex of Σ 1 or a cone of a simplex e ′ of Σ 1 . If π(U) intersects e then in the first case ∂U intersects π −1
1 (e) while in the second case ∂U intersects π
we have that diam π −1 (e) ≤ R.
Clearly the theorem follows from the lemma as any point of Σ is contained in some simplex e of Σ. Remark 1. In the manifold case one could use Hausdorff measure instead of Hausdorff content to prove theorem 1.1. This would simplify a bit the proof, in particular the proof of Lemma 2.5. We note however that the subset Z that 'cuts' the space in small pieces that we introduce is not a manifold. So for the proof to work one needs a version of the co-area inequality that applies to spaces with finite Hausdorff measure. We observe that such an inequality follows from Lemma 2.1 by taking a limit as the diameter of the balls approaches 0 (see also [12] 
The general case
We recall that a metric space is called proper if any closed ball is compact. Theorem 2.3 holds more generally for proper metric spaces rather than compact ones. We state here the corresponding inductive statement and explain the modifications needed to prove this. Theorem 3.1. There is an ǫ n > 0 such that the following holds. If X is a proper metric space such that for any x ∈ X the n-dimensional Hausdorff content of the ball B(x, R) is bounded by ǫ n R n then there is a locally finite simplicial complex Σ of dimension ≤ n − 1 and a continuous map f : X → Σ such that: diam f −1 (e) ≤ R for any simplex e ∈ Σ. In particular UW n−1 (X) ≤ R.
Proof. The proof is as before by induction on n. For n = 1 the statement follows by lemma 2.2. We generalize slightly the definition of D-separating subset:
where the U i are open disjoint sets of diameter ≤ D and any ball B(x, r) intersects finitely many of the U i 's. We say that the open sets U i are the pieces of the decomposition of X by Z.
To do the inductive step we fix x 0 ∈ X and let
. We set ζ = R/1000. Each A n , B n is compact so we may apply lemma 2.3. We modify slightly lemma 2.5: we pick a smaller ǫ n , say, ǫ n ≤ ǫ n−1 10 · 1000 n+1 and we obtain the following slightly stronger conclusion by the same proof: Lemma 3.2. Let Z n be a δ-minimal R/4-separating set of A n . Then for any ball of radius R/1000, B(x, R/1000) of A n , HC ζ n−1 (Z n ∩ B(x, R/1000)) ≤ 1 10 ǫ n−1 R 1000 n−1 .
The same lemma applies of course for δ-minimal R/4-separating sets of B n which we denote by T n .
Then if
T n we claim that Z ∪ T is an R/4-separating set of X. Indeed if U i n , V j n , i ∈ I n , j ∈ J n are the pieces of the decomposition of A n by Z n , respectively B n by T n we set I = ∪ We set
Then we may take the open sets
to be the pieces of the decomposition of X by Z ∪ T . Clearly W ij = X \ (Z ∪ T ). Each ball intersects finitely many of these sets since it intersects finitely many of U i , V j . Applying lemma 3.2 we see that Z ∪T satisfies the hypothesis of theorem 3.1 for n − 1 and the same proof as in theorem 2.4 applies in this case too.
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